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Let k be a cyclotomic field over the rational field Q, i.e,, k is an Abelian 
extension of Q. If A is a central simple algebra over k, then [A] will denote 
the class of A in the Brauer group Br(k). The Schur subgroup S(k) of 
consists of those classes [A] of Br(k) such that A is a simple component of the 
group algebra KG for some finite group G. In [S] we have noticed that the 
elements of S(k) are those classes which contain a cyclotomic algebra over k. 
So we study the structure of a cyclotomjc algebra. It will be shown that any 
cyclotomic algebra is similar to one that is constructed by an m-th root of 
unity, where m is an integer of the form 2”p, p, ... p, with distinct odd primes 
pi and a = 0 or 2 (Theorem 1.3 and Corollary 1.4). We will also give a 
method for constructing a cyclotomic algebra. By these results, together 
with the formula of the Schur index given in [6], we can determine the Schur 
subgroups of some cyclotomic fields. 
A class [A] of Br(k) is called to have uniformly distributed invariants with 
values 0 or l/2, if A has Hasse invariant 0 or l/2 at any prime p of k and if 
for any rational prime p, A has the same Hasse invariant at the primes p of k 
lying ebove p. It follows from the Brauer-Speiser Theorem and a result of 
Benard and Schacher [2] (for a short proof, see also 181) that, if k is a rear 
cyclotomic field, then every class in S(k) has uniformly distributed isvariants 
with values 0 or l/2. We will show that, if k is a real subfield of the field Q([,%) 
of qn-th roots of unity, where q is a prime and n is a positive integer, then 
every class of R(k) which has uniformly distributed invariants with values C 
or l/2 does belong to S(k) (Th eorem 2.2). We note that this statement is also 
true for an arbitrary real cyclotomic field k with odd degree over Q (Theorem 
2.1). As for an imaginary subfield of Q(Jgm), B enard and Schacher [2] determined 
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the Schur subgroup S(k) for k = Q(cae) (1 < c < a). Here we determine the 
Schur subgroup of any imaginary subfield of Q(t;,%) other than the above ones 
(Theorem 3.2). Thus the Schur subgroup of an arbitrary subfield of Q(&) 
has been determined. 
Let 4 be a prime number with q = 3 (mod 4). The Schur subgroup of the 
real quadratic field Q(q ljz is also determined (Theorem 1.5). In this case, the ) 
elements of S(k) are those classes induced from S(Q). We note that, for any 
prime q, the Schur subgroup of the real quadratic field Q(q”“) has been 
determined, for, if q = 2 or q = 1 (mod 4), then Q(qliz) is a subfield of Q(&). 
Finally, we mention that by the same technique used here we can determine 
the Schur subgroups of the following fields: (i) Q((qq’)lj2), where q and q’ are 
distinct primes, (ii) Q(& + <;‘), w h ere n is a positive integer, (iii) ,0(&J. 
NOTATION. 2 denotes the ring of rational integers. For a positive integer n, 
5, is a primitive nth root of unity. For a ring A with 1, Ax is the multiplicative 
group consisting of elements of A with inverses. (a, b, ..*> is the group 
generated by a, b,... . For a finite group G, 1 G ] denotes the cardinality of G. 
Let K be a finite extension of a field k. For a E K, NKlk(a) is the norm of 
a over k. If K is normal over K, 9(K/k) is the Galois group of K over k. For 
(T E g(K/k) and x E K, x0 is the image of x by (T. If K is a finite abelian extension 
of Q, p a prime of k and ‘$ any prime of K lying above p, then Kp/k, represents 
the isomorphy type of the completion of K/k for ‘$3 [ p. 
1. A CYCLOTOMIC ALGEBRA 
Throughout this section iz denotes a field of characteristic 0. A cyclotomic 
algebra (Kreisalgebra) over k is a crossed product 
where 5 is a root of unity, 9 is the Galois group of k(s) over k, and /3 is a 
factor set whose values are roots of unity in k(l). It is clear that t: and the values 
of p generate a finite cyclic group (g) in k(LJ and k([‘) = k(c), where 5’ is 
some root of unity. Hereafter we may assume 5 = 5’. The Galois group 3 
can be regarded as an automorphism group of the cyclic group (5) and the 
values of the factor set p belong to (4). By the theory of group extension 
(cf. for instance, [9, III, Section 6]), it is easily verified that c and the elements 
u, (u E 9) generate a finite subgroup G in the multiplicative group BX. 
Namely, G has a normal cyclic subgroup <<), the factor group G/(c) is 
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isomorphic to 3, and /3 is exactly a factor set of the extension G of ({j by 9. 
Since G spans B with coefficients in k, B is k-isomorphic to a simple com- 
ponent of kG. In particular, the class [B] is in the Schur subgroup S(k), 
The u ~ (g E 3) are representatives of G over (5). We always assume that 
the factor set p is normalized, that is, p(o, I) = p(l, 0) = zlr = 1 for any o 
of 3. Let the Galois group 9 be the direct product 
9 = (Ul) x (u2) x ‘.’ x (Or) (1.2) 
of cyclic groups (cri) of order n, . For each element u = @CJ~ ... 07 of 3 
(0 < zli < ni - 1; z’ = 1, 2 ,..., Y), we have 
( u$f; . . . u2) gull; a. * Q-1 = i” = u,t;u,l, 
From this it follows easily that 
( 24~24~ . . . *Z) ql 
commutes with 5. As (5) is its own centralizer in G, there exists an element w, 
in (5) such that u>$; ... U$ = w,u,, . Therefore, the elements 
z.qu2 2 ... q (cl < zi < ni - 1; i = 4, lit,..,, r) 
are also representatives of the group G over (5) and give rise to a factor set c 
equivalent to p: 
where [ yi + xi] denotes the integer ai such that a, = yi f zi (mod q) and 
0 < ai < lzi (0 < yi , zi < n, - 1; i = I, 2,..., r). Hence we have 
Set 
h&j = UO~U~&i’U~~ = /3(q )u#oj , UJ, (I.-i) 
where i,j = 1, 2 ,..., Y, i # j. Then it is easily verified that for any pair of 
CJ zzz +gz *.. (TT yr and T = U>U~ ... (~2, E(U, T) is of the form: 
(1.8) 
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where fi and fj,i are some elements of the integral group ring 29 (depending 
on (T and T). This implies that the structure of both the group G and the 
cyclotomic algebra B is determined by the elements hi and Jz,,~ . By [9, III, $81 
we have the following relations: 
(1) h4” = hi ) (l-9) 
(2) hi,jhj,i = 1 (i < j>, (1.10) 
(3) h:-’ = h:y+“.+“.7--l (i #j), (1.11) 
(4) h;,y’h;f;‘h~,’ = 1 (i < j < I). (1.12) 
Conversely, let 5 be a root of unity and let the Galois group 3 = 9(k(<)/K) = 
(%1) x <%3> x ..- x (CT,), upi = 1. Let hi , Jz,,~ (i,j = 1, 2 ,..., r; i + j) be 
roots of unity in R(c) which satisfy the above equations (1.9)-(1.12). We may 
assume that h, , hi,j E (0. Then an extension G of (5) by 9 can be constructed 
as follows: 3 is regarded as an automorphism group of the cyclic group (0, 
and the group G generated by 5, u,,~ , uOz ,..., u,~ with the defining relations 
(a) u&;T = P (i = 1, 2,..., r) (1.13) 
(b) z&Z; = hi (1.14) 
(c) u+,~u;;u;~! = h,,j (i <j) (1.15) 
contains the normal subgroup (5) such that the factor group is the direct 
product of the cyclic groups ((5) u,$) f o or d er ni (see [9, III, $8, Theorem 221). 
The elements 
“32 *.. q (zg = 0, l,..., ni - 1; i = 1, 2,..., ?+) 
are representatives of G over ([), and give rise to the factor set E defined by 
the equation (1.4) and of the form (1.8). In particular, E(U, T) belongs to (5) 
and so a root of unity (u, 7 E 3). The factor set E is also regarded as a factor 
set of the Galois group 3 = ‘Z?(k(Q/k) with values in k(c) and defines a 
cyclotomic algebra over k: 
V&-l nr-I 
B = (E, &)P) = C z=. "'z;o ~(04p~~. 
1 T 
Thus, in order to construct a cyclotomic algebra over k, we need only find 
some roots of unity hi , Jz,,~ satisfying the equations (1.9)-(1.12). 
For a field K, p(K) denotes the group of roots of unity contained in K. Then 
p(k(<)) is the sub-g-module of k([)x, where s?? = 9(&5)/K). We have a 
SCHUR SUBGROUP OF BRAUER GROUP. I 5x3 
canonical homomorphism of the 2-cohomology gnoup N2(%, y(k(Q) into 
H2(3> R(I;)X), whose image is denoted by HG2(9, k(<)X). If B = (p, k(<)/k) 
is a cyclotomic algebra over k, then the class [B] of Br(K) is identified with an 
element of HP2(%, k(<)x). 
~EIVIMA I, 1~ Let G be a &ite group and let A be a $nite G-mod&e. Suppose 
that H is a normal cyclic subgroup of G. Set W = CheH h. Jf the image NA 
of .A by iV equals A *, the subset of elements of A $fi~ed by every element QJ 
then JOY any positive integer q we have 
IP(GIH, AH) ‘u Hq(G, A). 
The izjation map gives this isomorphism. 
Proof- This follows from [5, Chap. VIII, r4 and Chap. VII, Prop. 5], 
THEOREM 1.3. Let n and m be positive integers ncdt divisible by the prime 2 
to the Jirst power. Let { p, , p, ,..., pJ be the set of odd primes stick that pi / m 
and pi ‘i n. If 4 1 m and 4 ‘C n, then put m’ = 22pl p, ... p, I Otherwise, put 
m' =P1i92 ... p, . Let k be a sub$eld of 9(&J. Set L = Q(& , 5,) and K = 
$I(<, , S,!). Then by the injlation map, we have 
HU2(9(K/k), Kx) % Hti2(3(L/k), LX). 
ProojY It is clear that the set of primes dividing / ,u(K)I and the set of 
primes dividing j p(L)1 are the same, which is denoted by P. Note that 2 E P, 
because j, 1 E K. For a finite group H, let 4-r, denote a Sylow p-subgroup of 
N. It is easily verified that the theorem is proved if we have 
for every p E P. Let n = pub, m = pbh’, ( p, hh’) = 1, 0 < a, b. Suppose first 
thatb~a.Thenp~[L:K].Inthiscase,letK=K,CK,Cik=,C...C 
be such that K,IK,+, are cyclic extensions (i = 1,2,..., t). Since p(K& = 
PFdD = ..’ = p(Kt), s it follows that 
N~i,ii-&(Ki)~) = (p(&)pfK+- = PWJ, = P(-&-I), . 
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Hence by Lemma 1.1 we have 
HyqK/k), p(K)J ‘S HyqK,/k), p(Kl)p) i% *-’ 
i% HyqL/k), p(L)p). 
Suppose next that b > a. If p # 2, put c = max{a, 1). If p = 2, put 
c = max{a, 2). Set E = Q([, , 51n,9b-c). Then p f [E : K], &T), = p.(K), , 
L = E(&,ti), and Y(L/E) is canonically isomorphic to 9(Q([Pb)/Q(&c)). It 
follows from Lemma 1.2 and the same argument as in the case b < a that 
COROLLARY 1.4. Notation being the same as in Theorem 1.3, let B = 
(j?, k(<,)/k) be a cyclotomic algebra oveY k. Then B is similar to a cyclotomic 
algebra of the form (a, Q(& , [,0/k). 
Proof. Since B N (inf /3, Q(1;, , &J/k), th is corollary follows immediately 
from the theorem. 
Let k be a cyclotomic field over Q. If a class [/!:A] of Br(k) has uniformly 
distributed invariants with values 0 or l/2, then we can use the term p-local 
invariant (respectively, p-local index) of A for the common value of the 
invariants (respectively, indices) of A OR k, for all primes p of k dividing p. 
As an application of Corollary 1.4 we will prove 
THEOREM 1.5. Let q be an oddprime with q = 3 (mod 4). Let k = Q(q’/“). 
Then the Schur subgroup S(k) consists of the classes of Br(k) which have uniformly 
distributed invariants with values 0 OY l/2 such that the p-local invariatnt is 0 
whenever p does not split in k. 
Proof. It is clear that every class [./l] of Br(k) with the property in the 
theorem is induced from an element of S(Q), and so [A] is in S(k). Note that 
k C Q(&,J. By Corollary 1.4 we may assume that any cyclotomic algebra 
over k is of the form C = (01, K/k), where K = Q(&& and m = p,p, ... p, 
with distinct primesp, such that (pi ,4q) = 1. Ifp { pm then thep-local index 
of C equals 1, because p is unramified in K/k and the factor set 01 consists of 
roots of unity. By [6, Theorem I] the q-local index of C divides (q - 1)/2, 
the tame ramification index of q in K/k. But since q G 3 (mod 4), it follows 
that (q - 1)/2 is odd, and so the q-local index of C equals 1. Let Y (respectively, 
si) be a primitive root module q (respectively, modulo p,). Let [ and & be the 
automorphisms of K/k defined by 
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Then it is easily verified that 
~(K/k) = (0 x 
i=l 
We will show that, if p E { 9, , 9, ,..., p,J is inertial nn k/Q, then the p-local 
index of C equals 1. We may assume p = p, . Then (&) is the inertia group 
of p in K/k. Note that p2 = 1 (mod 4). Let p2 = T” (mod 4) and p2 = sti 
(mod pi) (2’ f 1). Then 2 1 V, hi , and @$$ ... 4,“s is a Frobenius automorphism 
of p in K/k. We may assume that a(~, 7) F p(KJ2 = (5,) for cs, 7 E g(K/k), 
because the index of C divides 2. By the equations (1.4) and (1.5) C may be 
assumed to be of the form 
where a, bi , and c are some integers. From Eqs. (1.9)-(1.12) we conclude 
that 2 j bi and c = a( p - 1)/2 (mod 2). F rom this and (1.16) it follows that 
%1% 2 = a82~4,1 and u+,u:, = u~.u~ and so U. commutes with ug@ ... U$ ~ 
If c = a( p - 1)/2 + 2; for sGrn:‘z E Z, the”I: $--” = {~(P-1)/2+2z 2 <& , 
where D = LZ( p - l)( pz - I)/8 + z( p - l)(p + I)/2 is divisible byp - 1. 
Hence from the formula of [6, Theorem 3] we conclude that the p-local index 
of C equals 1. This completes the proof of Theorem 1.5. 
2. REAL SUBFIELDS OF Q(tgn) 
First we will prove the following theorem. 
THEOREM 2.1. Let k be a cyclotomic field over 9~ If the degree of k over 
is odd, then k is real and the Schur subgroup S(k) consists of the classes of Bs(k) 
which have uniformly distributed invariants with values 0 OY I/Z. 
Prooj. Let [A] be a class of Br(k) which has uniformly distributed 
invariants with values 0 or l/2. Let {p, , p, ,...) p,> be the set of rational 
primes such that A has invariant l/2 at any p of k lying above p, , p, ,.~.) p, 
and 0 elsewhere. For each i, the number of the primes of k dividing p, is 
odd, because [k : Q] is odd. By the Hasse’s sum theorem, s must be even. 
Let II be the quaternion algebra central over Q with invariant l/2 at pi 
(i = 1, 2,..., s) and 0 elsewhere. Since [k : Q] is odd, the local 
is odd for any prime p of k lying above a rational prime p. 
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[D & k] = [A]. By Benard [l] and Fields [3], the class [D] is in the Schur 
subgroup S(Q), and so the class [D @o k] is in S(k). 
THEOREM 2.2. Let q be a prime number, n a positive integer and &,% a 
primitive qn-th root of unity. Let k be a real subjield of Q(J$~). Then S(k) consists 
of the classes of Br(k) which have uniformly distributed invariants with values 
0 OY l/2. 
Proof. By Theorem 2.1 we may assume that [k : Q] is even. In particular 
we have done with the case q 3 3 (mod 4), because [k : Q] divides 
q?q - 1P = l-Q&n + i;>:Ql, 
which is odd for q = 3 (mod 4). Suppose that q = 1 (mod 4) or q = 2, and 
that [k : Q] is even. Recall that the prime q is totally ramified in k/Q. Let q be 
the only prime of k dividing q. For each rational prime p other than q, g, 
denotes the number of the primes p of k lying above p. If g, is even then a( p) 
denotes the class of Br(k) with invariant l/2 at the primes p and 0 elsewhere. 
If ge is odd, then G(q, p) denotes the class of Br(k) with invariant l/2 at the 
prime q and the primes p and 0 elsewhere. Since k/Q is cyclic, there are 
infinitely many p with odd g, . It is easily verified that if, for every p with 
even g, (respectively, odd g,) the above Q(p) (respectively, G(q, p)) belongs 
to S(k), then S(k) consists of the classes which have uniformly distributed 
invariants with values 0 or l/2. 
Let f, denote the residue class degree of p( # q) in k/Q. If f, is odd, then 
g, is even, for [k : Q] = f,g, is even. In this case, 9(p) is in S(k), because 
Q(P) = P,,. 00 kl, where %, denotes the quaternion division algebra 
central over Q with invariant l/2 at q and p and 0 elsewhere. In particular, 
&?(a) is in S’(k), where p = co is the rational infinite prime. For each p with 
even f, , we will construct a cyclotomic algebra B, over k with invariant l/2 
at the primes p of k dividing p and 0 at any finite prime of k dividing neither 
p nor q. Then it follows from Elasse’s sum theorem that, if g, is even (respec- 
tively odd), B, has invariant 0 (respectively, l/2) at the prime q, because g, 
is even and a cyclotomic algebra has the same invariant at the infinite primes. 
Since @co) is in S(k), we conclude that, if g, is even (respectively, odd), then 
J2( p) (respectively Q(q, p)) is in S(k), and so the theorem will be proved. 
Suppose that q = 1 (mod 4). Let p be a prime number with even f, . 
Let p be any prime of k dividing p. Denote by g’ the number of the primes 
of Q(cUn) dividing p. Denote by f’ the residue class degree of p in Q(&&)/k. 
Then g’ must be odd. For, suppose that g’ would be even. Since the extension 
Q(&&)/Q is cyclic and the residue class degree of p in Q(tCn)/Q is f, f I, which 
is divisible by 2f ‘, the unique cyclic subgroup &Y of ~(Q(c&)/Q) of order 2f’ 
is contained in the decomposition group of p in Q(&)/Q. But X is also 
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contained in 9(Q(L$)/k), b ecause f ‘g’ = [Q(tnn) : k] is divisible by 2J’* 
Consequently the residue class degree J’ of p in Q(&)ik is divisible by 2s’. 
This is a contradiction. Henceg’ must be odd. 
First consider an odd prime p with even f?, . Set K = Q(& , 5,). Then 
K = Q(&,) . k(&) and Q(<,%) n k(&,) = k. The extensions K/Q(&) a 
K/k(&) are cyclic. Let 19 (respectively, #) be a generating a~tomor~h~s~ 
K/Q([,,) (respectively, K/k(&)). Th en 29 = S(K/k) = (0) x (4). Set 
[K : k&J] = [Q&n) : k] = s. S ince k is a real subfield of Q(cGn), s is even 
Set h,,, = km,@ = -1 and h, = k, = 1. As is easily seen, these elements 
satisfy the equations (1.9)-( I .12). (Equation (1.12) does not matter in this case, 
for 9 is a direct product of two cyclic groups.) ewe we get a cyclotomic 
algebra B, over k: 
D-2 s-1 
23, = (E, K/k) = c c Ku,~u,~ (direct sum), 
id) j4-l 
u&*~x = x Wueiu~~, (x E K), 
ueu* = --u&&j , ue D--l = u*S IZ 1 
(ueiu&u;u$) = @i& #gi’#‘) upq&~.i, 
Let p be any prime of k dividing p. Since p is unramified in 
totally ramified in K/Q(&), we see easily that g(KJ/k,) = (8) x (+g’> and 
that, for some integer a (0 < a < s), 4” is a Frobenius automorphism of p 
in K/k with (@) = (+g’). S ince g’ is odd and the order of+ is s, which is even, 
a is also odd, and so u~u,+~ = -u~%~ = (E(#,~@J/E(~~, 0)) z4%, . Set y = 
~k,dP). Then 
6 = (e(5, c$“)/+$“, e>>‘+““+“’ E(5, 5) E(52, 5) .‘- E(5--2, 5) 
= (-p/(4 *i-l = 5$ww’)/2* 
Hence from the formula of [6, Theorem 31, we conclude that the p-index of 
the cyclotomic algebra 23, equals 2. B, has invariant 0 at any finite prime x 
of k dividing neither p nor q, because x is unramified in K/k. 
Next, suppose that the prime 2 has even fa . Set K = Q(&, , I,). Then 
K = Q(I&) . k([,) and Q(&) n k([,) = k. The cextensions K/Q(&) and 
K/k(&) are cyclic. Let %(K/Q(&)) = (B) and S(K/k([,)) = ($)* Then 
(de = L‘;l, Y(K/k) = (0) x Cd), [K : k(5J-j = [Q(L&) : k] = s, 2 / s and 
O2 = $” = 1. Set h e,m = &I, h,,, = t4, he = 1 and h, = <:‘a. Then these 
elements satisfy the equations (1.9)-( 1.12) and so give rise to a cyclotomic 
algebra B, over k: 
1 s-1 
B, = c c Ka&,j (direct sum), 
iso j=o 
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Now we have u&(1 - 5,) UJ = (1 - 5~~) <;lu+us = ((1 - <,) u,+) ue . Since 
the elements ~~~((1 - c,) U$ (i = 0, 1;j = 0, l,..., s - 1) are linearly 
independent over K and u0 (respectively, (1 - &) Us) commutes with every 
element of Q(&,) (respectively, k([,)), we have 
Since ((1 - 5,) uJ” = ((1 - <q)2)s/2~~s = (-25,)s/2[~‘2 = 2si2 and uo2 = 1, 
we have B, - (Zsj2, Q&J/k, $>. Let P b e any prime of K dividing 2. Recall 
that g’f’ = [Q(&) : k] = s and that g’ is odd, for f2 is even. We have 
B2 Orckp N (2@, Q(&$‘/kp , qP’). As 2 is unramified in k/Q, 2 is a prime 
element of the local field k, . The extension Q(&)P/k, is unramified of degree 
f ‘. From the definition of Hasse invariant it follows that the invariant of B, 
at -p is equal to (s/2)/f’ = f ‘g’/2f’ = g’/2 = (1/2)(mod l), as desired. B, has 
invariant 0 at any finite prime of k dividing neither CJ nor 2. Thus the theorem 
is proved for the case 4 = 1 (mod 4). 
Finally suppose that q = 2. In the next section it will be shown that the 
real subfields of Q(c2”) are exactly the fields Q(c2c + <$), c = 2,3 ,..., n. But 
we have already proved in [7] that the Schur subgroup S(Q(c2C + l;$)) 
consists of the cIasses which have uniformly distributed invariants with 
values 0 or l/2. Thus the proof of Theorem 2.2 is completed. 
3. SUBFIELDS OF Q(J&) 
First consider the case q = 2. The Galois group 9(Q(c2n)/Q) (3 < n) is 
isomorphic to the multiplicative group of integers module 2%, 2 modx 2”, 
which is the direct product (- 1 modx 2%) x (5 modx 2”) of two cyclic groups 
of order 2 and order 2”d2 ([4, p. 781). It is easy to see that the subgroups of 
Zmodx 2% are classified into three types: (I) E&=(--l modx 2”) x (52i modx 2%) 
(i = 0, l,..., n - 2), which corresponds to the field Q([2i+z + &&) in the 
sense of Galois theory; (II) Fi = (52i modx 2n> (; = 0, l,..., n - 2), which 
corresponds to Q(&.:+2); (III) Ej = (-52’ modx 2”) (j = 0, l,..., n - 3). 
Denote by kj the subfield of Q([am) corresponding to Ej (j = 0, l,..., n - 3), 
i.e. ki is the fixed field of Ej . Since Ej does not contain - 1 modx 2~, kj is not 
real. It follows that the real subfields of Q({an) are precisely the fields 
Q(t;ze + L$) (c = 2, 3,..., 4. 
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LEMMA 3.1. The Jield kj (j = 0, l,..., n - 3) is a cyc&c extension of 
and is not real. The roots of unity contained in kj aye f I ~ 
F'roof~ Note that 5a’ modx 2” 6 Ej and 52’+’ E Ej s Hence the order of the 
factor group 2 modx 2%/E, is at least 2j+l. But, since j I& / = 2n-2-j and. 
2j’i . 2n-2-j = 2”-1 = 1 2 modx 2" j, we conclude that the factor group 
2 modx 2”lEj is cyclic of order 2 j+r. That is, kj is cyclic over Q. Since I!$ is 
not a subgroup of (5 modx 2”), kj does not contain lq j and so the only roots of 
unity in k, are il. 
Next, assume that q # 2. Since the extension Q(&)/Q(&) is cyclic of 
order qn--l, the subfields of Q(tn) which contain 5, are the fields Q(&) 
(c = 1) 2,..., rz). Hence, if k is an imaginary subfield other t 
(c = 1, I&..., n), then &l are the only roots of unity ink. AsQ([,,)/ 
k/Q is also cyclic. Thus, for both cases, q = 2 and q # 2, we 
that, if K is imaginary and k # Q(&) (c = 1,2,..., n), then the 
contained in k are f 1 and k/Q is cyclic. By the theorem of 
Schacher [2] every class of S(k) has index at most 2, and so by [ 
we get 
THEOREM 3.2. Let q be a prime number. Let k be an ~~ag~~a~ subjeld of 
Q(l&) other than Q(&) (c = I, 2,..., n). Then the elements of S(k) are those 
classes inducedfrom S(Q), i.e., S(k) = S(Q) go k. 
REFERENCES 
1. ,M. BENARD, Quaternion constituents of group algebras, Boc. Amer. Math. Sot. 30 
(1971), 217-219. 
2. AI. BENARD AND M. M. SCHACHER, The Schur subgroup? II, J. .&g&a 22 (1972), 
378-38.5. 
3. K. L. FIELDS, On the Brauer-Speiser theorem, B&Z. Amer. Ma& Sot. 77 (1971), 
223. 
4. H. HASSE, “Vor!esungen fiber Zahlentheorie,” Springer, Berlin, 1950. 
5. J.-P. SERRE, “Corps locaux,” 2nd ed., Hermann, Paris, 1968. 
6. T. YAMADA, Characterization of the simple components of the group algebras 
over the p-adic number field, J. Math. Sot. Japan 23 (1971), 295-310. 
7. T. YAMADA, Central simple algebras over totally real fields which appear in &[Gj, 
J. Algebra 23 (1972), 382-403. 
8. T. YAMADA, “The Schur subgroup of the Brauer group,” Queen’s Papers (to 
appear). 
9. H. J. ZASSENNAUS, “The Theory of Groups,” 2nd ed., Chelsea, New York, 1958. 
